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ABSTRACT 

We carefully analyze the supersymmetry algebra of closed strings and open strings in a 
type IIB plane wave background. We use eight component chiral spinors, 50(8) Majorana- 
Weyl spinors, in light-cone gauge to provide a useful basis of string field theory calculation in 
the plane wave. We consider the two classes of D-branes, _D±-branes, and give a worldsheet 
derivation of conserved supercurrents for all half BPS D-branes preserving 16 supersymmetries 
in the type IIB plane wave background. We exhaustively provide the supersymmetry algebra of 
the half BPS branes as well. We also point out that the supersymmetry algebra distinguishes 
the two SO (4) directions with relative sign which is consistent with the Z2 symmetry of the 
string action. 
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1 Introduction 

The Penrose limit of the AdS 5 x S 5 background in type IIB supergravity corresponds to a plane 
wave solution [1], 

ds 2 = -2dx + dx~ - ii 2 xj(dx + ) 2 + dx 2 , (1.1) 

-F+1234 = ^+5678 = 2/i. 

This implies a correspondence between type IIB string theory in the plane wave background 
(1.1) and M = 4 supersymmetric Yang-Mills theory with large R-charge, in a sense as a part 
of AdS^/CFT^ correspondence. Since the background (1.1) is one of the very few Ramond- 
Ramond backgrounds on which string theory is exactly solvable [2, 3], one may have a genuine 
hope to explicitly check the conjectured AdS/CFT correspondence beyond the supergravity 
approximation on the string theory side. Indeed Berenstein, Maldacena and Nastase [4] suc- 
ceeded in reproducing the string spectrum from perturbative super Yang-Mills theory, thereby 
putting the duality on a firm ground at the free theory level. Subsequent developments using 
the super Yang-Mills theory [5]-[12] and the light-cone string field theory [13]-[21] showed that 
the duality is still valid even after the interactions both on the super Yang-Mills theory side 
and on the string theory side are introduced. 

D-branes can be described by boundary states of closed string state. The symmetries that 
the boundary state preserves are thus the combinations of the closed string symmetries that 
leave the boundary state invariant. Recently possible D-branes in the plane wave background 
(1.1) were identified and their supersymmetries were classified [22]-[30]. In particular, Skenderis 
and Taylor showed in [28, 29] that, although the kinematical supersymmetry descending from 
the closed string is totally broken on a D + -brane [27, 30] (see section 2 for the definition of D±- 
branes), a different kind of kinematical supersymmetry is nontrivially realized by incorporating 
the worldsheet symmetries. We will study this kinematical supersymmetry too. 

Since the plane wave background (1.1) allows a light-cone gauge choice and the string theory 
in this background takes the simplest form in the light-cone gauge, the most straightforward 
method for constructing the superstring interactions is to use the light-cone Green-Schwarz 
formalism [2]. Since the original papers [31, 32, 33] on string field theory were using the 
8-component spinors, 5*0(8) Majorana-Weyl spinors, it may be desirable to provide the su- 
persymmetry algebra in this basis as a useful reference for string field theory calculation in 
the plane wave, although detailed analysis had been done in [2, 3] for the closed string and 
in [28, 29] for the open string using 16-component spinors, SO(9, 1) Majorana-Weyl spinors. 
Thus we will exhaustively provide the supersymmetry algebras for both closed strings and open 
strings in the plane wave background using the 8-component spinors. 

As is well known the spectrum of light-cone hamiltonian of plane wave superstring is dis- 
crete. As analyzed in [34] recently, the super Yang-Mills theory in a four- dimensional plane 
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wave background has also a discrete spectrum of light-cone energy operator, so expected to be 
most appropriate for establishing a precise correspondence with plane wave superstring and for 
studying the holographic issues of the duality. Since the plane wave super Yang-Mills theory 
is the low energy worldvolume action of probe D3-branes in the plane wave background (1.1) 
and is the ground-state sector of the open string field theory which also has a discrete energy 
spectrum, it is plausible that the plane wave super Yang-Mills theory including interactions 
can be captured by the open superstring field theory defined on the probe D3-branes [35]. 
Furthermore the open-closed string duality [25, 30], being, probably, an underlying principle 
of AdS/CFT duality, implies that the open string field theory possibly reproduces the corre- 
sponding results of closed string field theory. For this purpose it will be useful to explicitly 
construct the supersymmetry algebra for the open string in the plane wave background (1.1) 
using 8-component spinors mostly used in the light-cone string field theory [31, 33]. 

This paper is organized as follows. In Sec. 2, we discuss the canonical quantization of 
superstrings in the plane wave background and present the mode expansions of open strings 
compatible with boundary conditions. In Sec. 3, we first analyze the supersymmetry algebra of 
closed string to provide its explicit expressions in terms of 8-component spinors. We find that 
the supersymmetry algebra distinguishes the two 5*0(4) directions with opposite sign consistent 
with the Z 2 symmetry of the string action [18]. We derive conserved supercurrents for all half 
BPS D-branes preserving 16 supersymmetries in the type IIB plane wave background and 
exhaustively provide the mode expansion of symmetry generators and supersymmetry algebra 
for half BPS D-branes, including D-branes with worldvolume flux which were not studied in 
[28, 29], using 8-component spinors. In Sec. 4, we briefly review our results and address some 
other issues. In Appendix A, we explain our notations and definitions and give useful formula 
used in this paper. In Appendix B, we provide some technical details on (anti-) commutation 
relations for D + -branes. In Appendix C, we present how the kinematical supersymmetry of 
D + -brane can be derived from the open string mode expansion. 



2 Canonical Quantization of Superstrings in Plane Wave 



The Green-Schwarz light-cone action in the plane wave background (1.1) describes eight free 
massive bosons and fermions. In the light-cone gauge, X + = r, the action is given by 



dr 



2-Ka'\p+\ 



da 



-d+Xjd-X; - -fx] - iS{ P A d A - fiu)s 



(2.1) 



where d± = d T ± d a . Our notations and conventions are summarized in Appendix A. In this 
paper we will take a = a'p + for closed string and a = 2a'p + for open string. We take the spinor 
S as eight two-component Majorana spinors on the worldsheet £ that transform as positive 
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chirality spinors 8 S under SO(S) lm . 



where 



S a = ( ] , S a = S aT p\ (2.2) 



-1 \ „ / 1 . 

10' " i o 1 (2 ' 3) 



The presence of II in the fermionic action breaks the symmetry from SO (8) to 5*0(4) x SO (4)'. 
The equations of motion following from the action (2.1) take the form 

d+d-X 1 + p 2 X 1 = 0, (2.4) 
d+S l - pUS 2 = 0, dS 2 + pUS 1 = 0. (2.5) 



2.1 Closed string 

First we analyze the closed string case. Detailed analysis using 16-component spinors had 
been done in [2, 3] for the closed string and in [28, 29] for open strings. We will instead use 
8-component spinors as in the original papers [31, 32, 33] on string field theory. This will be a 
useful basis for light-cone string field theory and for open string analysis. 

The general solutions to Eqs. (2.4) and (2.5) for the closed string are found to be 2 

pi i 

X\a,T) = cos//rxo + sin/xr— + iVn( a i T ) a n + vl( a i T ) a n)i ( 2 - 6 ) 

P n ^Q U n 

S 1 (a, t) = cos prS^ + sin/irllSo + J2 c n(^n(°"> T ) S l + iPn<pl(<r, r)ILS 2 ), 

S 2 (a, r) = cos prS 2 - sin prUS 1 , + £ c n (<p 2 n (a, r)S 2 n - ip^a, r)H^), (2.7) 

n^0 

where the basis functions <Pn 2 (cr, t) are defined by 

tfK*, r) = e -^-^\ <f 2 n (a, r) = e"^ + R CT) (2.8) 

and 

i \ HT^ — THi w n -n/\a\ 1 
io n = sga(n)^p 2 + n 2 /a 2 , p n = , c n = (2.9) 

^ V 1 + /? ™ 

1 The spinors S A are two 50(8) Majorana-Weyl spinors satisfying the light-cone gauge. These spinors can 
be obtained by the original 5*0(9, 1) Majorana-Weyl spinors A satisfying ; y + 8 A = 0, fixing the K-symmetry. 
As in (A. 12), the fermionic light-cone gauge can be solved by taking S A — — ^7 + 7~ 9 A . 

2 In our following analysis the mode expansion of string fields will be performed for real fields. Thus the 
reality of the field requires that £t = £_ n fo r any bosonic or fermionic n-th mode £„. 
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For canonical quantization let us introduce the canonical momenta 

P\^r) = J^X'&t), P Aa (a,r) = ^S Aa (a,r), (2.10) 

where X 1 = After removing the second class constraint in the fermionic part by introducing 
the Dirac bracket, we get the following equal-time quantum (anti-) commutation relations 

[X T (a, r),X J (a', t)] = i2n\a\5 IJ 5(a - a'), (2.11) 
{S Aa (a, r), S Bb (a', t)} = ir\a\5 ab 5 AB 5(a - a 1 ). (2.12) 

The above quantization gives the (anti-)commutation relations for the modes in (2.6) and (2.7): 

[4,Po\ = < B \ = lu; n 5 m+nfi 5 IJ 5 AB , (2.13) 

{S* a ,S Bb }= 1 -S n+mfi S ab 5 AB . (2.14) 

2.2 Open string 

Now we will discuss open strings living on a D-brane in the plane wave background (1.1). 
Here we consider only static D-branes for simplicity. To describe a Dp-brane, we impose the 
Neumann boundary conditions on (p — 1) coordinates and Dirichlet boundary conditions on 
the remaining transverse coordinates: 

d a X r \ d x = 0, (2.15) 
d T X r '\ dJ: = 0. (2.16) 

For the fermionic coordinates, the appropriate boundary condition [36] is 

5 1 |as = ^ 2 |as. (2.17) 

It turns out [28, 29, 30] that in the plane wave background there are two classes of maximally 
super symmetric Dp-branes, depending on the choice of Q: 

D_:nQrm = -i, d + ■. nftrm = 1. (2.18) 

The boundary conditions, D±, in (2.18) together with the fermionic equations of motion, (2.5), 
imply [28] that 

D- : d a S l U = -nd a S 2 \ 9 ^ (2.19) 
D+ : d a S l U = (-Vd a S 2 + 2/irLS 2 )| as . (2.20) 
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The boundary condition for X is determined by the Virasoro constraint 

d a X~ = OrX^aX 1 - ^d+S 1 - S 2 d„S 2 ), 



(2.21) 



from which one can see that the X~ coordinate must satisfy the Neumann boundary condition 
for both classes in (2.18). 

Here we list the allowed choices for Q consistent with each constraint in Eq. (2.18). For 
L>_-branes, there are the following possibilities [23, 24, 28, 30] (for the notation used below, see 
Appendix A): 



D3:(m,n) = (2,0), (0,2), 
D5:(m,n) = (3,1), (1,3), 
D7:(m,n) = (4,2), (2,4). 

For _D + -branes, there are the following possibilities [24, 28, 30]: 



(2.22) 



D\ : 


(to, n) 


= (0,0), 


D3 : 


(to, n) 


= (1,1), 


D5 : 


(to, n) 


= (4,0), (2,2), (0,4), 


D7 : 


(to, n) 


= (3,3), 


D9 : 


(to, n) 


= (4,4). 



(2.23) 



The quantization of open strings on D_ and D + branes is defined by the following equal-time 
quantum (anti-)commutation relations 



[X\a, T),X J (a', t)] = in\a\5 IJ 5(a - a'), 
{S Aa (a, t), S Bb (a', t)} = -n\a\5 ab 5 AB 5((T - a 1 ). 



(2.24) 
(2.25) 



For an open string, we have the boundary conditions on the fields, Eqs. (2.15)-(2.17). These 
boundary conditions will be incorporated in the mode expansion of the fields. 



2.2.1 LL-brane 

We first discuss the quantization of open strings on D_-brane. The mode expansion of the 
bosonic coordinates satisfying the boundary condition and the equation of motion is given by 

1 r -iu r n<J 

— a r n e ^ nT cos— , 



X r (a, t) = cos firx r + sin /it— + i — a n e 



X r '(a,r)=4(a) + Y,-<^ 

lc 0J n 



na 



sin 



(2.26) 
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where the zero mode part, £q'(<t), represents a D-brane position located either at the origin or 
away from the origin and is given by 

r' 

x r'( a ) = ^-^(e^ + e ^- a) ). (2.27) 

Similarly the mode expansion of the fermion is found to be 

S 1 (a,r) = cos prS - sin prQYlS + Y c n(y\{?-, r)^S n + ip n ipl(cr, r)US n ), 

S 2 (a, r) = cos prQ T S - smprUS + ]T c n (ip 2 n (cr, r)S n - ip n ^ n (cr, r)UQS n ). (2.28) 

One can check that the mode expansion (2.28) satisfies the boundary condition (2.17) and 
(2.19) as well as the equation of motion (2.5). 

The commutation relations for the modes in Eqs. (2.26) and (2.28) are determined by the 
field quantization in (2.24) and (2.25) to be respectively 

[x r o,Po] = ti rs , K a J J = coJ m+nfi S IJ , (2.29) 
{S a n ,S b m } = ±6 n+m , 5 ab , (n,meZ). (2.30) 

2.2.2 D + -brane 

The mode expansion of the bosons is exactly the same as the D_-branes, Eq. (2.26), and for 
the fermions we find that 

S 1 (a, t) = coshficrSo + sinh paQUS + Y c n (</?*(cr, r)S n + ip n Lpl(a, T)US n ), 

S 2 (a, r) = cosh paQ T S + sinh pcrllSo + Y ^(^K^, T )S n - ipn^VyO-, r)US n ), (2.31) 

where 

S n = —(-^-n-tpTl)S n . (2.32) 

One can check that the mode expansion (2.31) satisfies the boundary conditions, Eqs. (2.17) 
and (2.20), as well as the equation of motion, Eq. (2.5). For the D + -branes, the zero modes 
of the fermions depend on the worldsheet space coordinate a, and so there is no direct relation 
with the zero modes of the closed string [28]. 

The anti-commutation relation of the modes for _D + -branes is not trivial and some technical 
details are given in Appendix B: 

{S°S b } = *v\<*\ (5 ab coshnp\a\ - (nU) ah sinh Trp\a\), (2.33) 

4sinh7r/i|a| v ' ' 

{S a n ,S b m }= 1 -5 n+mfi 5 ab , (n,m?0). (2.34) 
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Note that the result (2.33) has the correct flat space limit, /i — > 0, including coefficient. Using 
the relation (2.32) for the nonzero mode S n , the following anti-commutation relations can be 
derived from Eq. (2.34): 

{S a n , S b J = \d n+mfi 5 ab , (n,m^0), (2.35) 

{SI S b m } = ^-(^ ah - tfiU ab )5 n+mfi . (2.36) 

As shown in next section, for the D5-branes of type (4, 0) or (0, 4) to be supersymmetric, a 
nontrivial flux of gauge field is necessarily turned on in the worldvolume. The inclusion of the 
gauge field corresponds to the addition of the following boundary term 

Sb = ~ — -j—r / dr / daF~ r d a X r = / drX r X r , (2.37) 

2na'p + J Jo 4ira'p + J by, 

where the Born-Infeld flux F~ r is given by 

F~ r = fiX r . (2.38) 

This affects the Neumann boundary condition and the appropriate boundary condition turns 
out to be [30] 

d a X r \ d x = vX r \ di: . (2.39) 

The boundary coupling in Eq. (2.37) is indeed generated by the superpotential in the Af = (2, 2) 
worldsheet supersymmetric theory [27]. The mode expansion of the Neumann coordinates 
X r (cr, r) is then given by 



X ^ T) = V »^T^ + ^)e- + ^ g 7^^<e--- cos ^ 

+t £ -, M | |T o£e-^ sin ^. (2.40) 



" u n [n - %\i\a 



\a 



The commutation relation between the modes is given by Eq. (2.29) as usual. See Appendix 
B for the derivation. 



3 Super symmetry Algebra in Plane Wave 

We now study the basic symmetry algebra of the light-cone superstring in the plane wave de- 
scribed by the action (2.1). The thirty bosonic symmetries are generated by the ten translation 
generators, P~ = H, P + , P 1 , the eight boost generators, J +I , the six 5*0(4) rotation gener- 
ators, J lj , and the six SO (A)' rotation generators, J' l ' j ' . There are also 32 supersymmetries. 
In the light-cone gauge the 32 components of the supersymmetries decompose into 'dynamical' 
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and 'kinematical' components. The dynamical supercharges, Q^ A , commutes with the light- 
cone hamiltonian, but the kinematical supercharges, Q^ A , for closed strings and -D_-branes do 
not due to a fermionic mass term. However we will show that all supersymmetries commute 
with the hamiltonian for _D + -branes since the fermionic mass term identically vanishes. 

Using the Nother method, the symmetry generating charges can be obtained from conserved 
currents. For the superstring in the plane wave background described by the action (2.1), the 
super- Nother charges were obtained by Metsaev [2]: 

r 2Tra'\p+\ 

V 



1 f 2na'\p+\ 

P = — / da(X cos ut + uX sin ur , 

2na'p + Jo v ' 

1 r 2 

2p + H = / 

2-na'p + Jo 



r2na'\p+\ 



da 



rl 



^{X 2 + X' 2 + ^ 2 X 2 )+iS A S A 



, T 1 /-W|p+| X 1 j x 

J + = / da[ sin/xr — X cos/xr , 

2na' Jo v u ' 



ji'f 



27ra'p 
1 



— f 

'p + Jo 



2na'\p+\ 



da 



(X i X j - X j X l ) - -S A f j S A 



— w 

27ra'p + Jo 



2na'\p+\ 



da 



(X l 'X j> - Xi'X 1 ') - -s A Y' j 's j 
2 



^/9n+ f2na'\p+\ 

Q + = ^~ dae^ u (S 1 + l S 2 ), 

2na'p + Jo 

^/2r& r2na'\p+\ 

2na'p + Jo 



dae-^iS 1 -iS 2 ), 

2Tra'\p+\ 



I r2ira'\p+\ . . 

2P + Q _1 = 7T-7T / dafd-X^S 1 - fiX^HS 2 ) , 

2na'p + Jo v ' 

2p + Q~ 2 = I da(d + X I 1 I S 2 + fiXn'US 1 ) , 



(3.1) 
(3.2) 
(3.3) 
(3.4) 
(3.5) 
(3.6) 
(3.7) 
(3.8) 
(3.9) 



where X\ = ^l. 

In the light-cone formalism, the generators of the basic superalgebra can be split into the 
kinematical generators 

P+, P 1 , J +/ , J*, J*i\ Q+ Q a + , (3.10) 
and the dynamical generators 

H, Qa\ Qf- (3.H) 

Note that the kinematical supersymmetry generators have 5*0(8) positive chirality while the 
dynamical supersymmetry generators have 5*0(8) negative chirality. The kinematical genera- 
tors P + , P 1 , J +I } Q+, Q+ depend only on the zero modes since they are effectively linear 
in fields. Now we will study the supersymmetry algebra of the symmetry generating charges, 
(3.1)-(3.9), for the closed and the open strings, using the mode expansion given in the previous 
section. 
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3.1 Closed string 

Using the mode expansion in Eqs. (2.6) and (2.7), we get 

P+=p+, P^pl J +7 = -4p + , (3.12) 



Q+ = ^{Sl + iSl) = Q + = ^{Sl - iS 2 ) = ^S . (3.13) 

The rotation generators J IJ = (J*- 7 G 5*0(4), J 1 '^' e 5*0(4)') are given by 

t/J ^/^J „.J„,J i qA^IJqA ■ / 1 /^AT" AJ „ AJ AA , 1 qA „,JJ qA\ /o 
2 n^O U n 2 

For the dynamical generators, we have 

2p + H = U V Ij + ^x 2 0I ) + 2viS 1 ILSg + E{« A n«f + w„5^}, (3.15) 

v/^+Q" 1 = " FoA 2 + 2E{c»aM + -^-a 2 _WnS 2 n }, (3.16) 



n/0 



4^Q' 2 = P.il'Sl + ^n^S] + 2j2{c n a 2I i ySl - -W-cZJlLfy. (3.17) 

Now, from Eqs. (3.12)-(3.17), it is straightforward to derive the supersymmetry algebra 
of the closed string in the plane wave background [3] using the (anti-)commutation relations, 
(2.13) and (2.14). (Or one can directly calculate it from the super-Nother charges, Eqs. (3.1)- 
(3.9), using the (anti-) commutation relations, (2.11) and (2.12).) Here we will present only the 
non- vanishing (anti-)commutation relations involved with odd generators, Q ± and Q ± = , 
where Q- = + *Qr 2 and Q- = Q- 1 - iQf: 3 

[J ij , Ql = \i ij Q ± , [J i,j \ Ql = ^i i ' j 'Q ± , (3.18) 
[J +I ,Q-] = -\i I Q\ (3.19) 

[P 1 , = ^ 7 nQ + , [H, Q + ] = ~^Q+, (3.20) 
together with the commutators that follow from these by complex conjugation and 

{Q+,Q+} = 5 ab 2P + , (3.21) 

{Q + a, QD = iLP 1 + l^{W)aaJ + \ (3.22) 

{QZ, QD = S^H - /^-(-"ID,,,./" + i^tfl'lLUJ**. (3.23) 



3 For the commutation relations between even generators, see [2, 3]. 
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The supersymmetry algebra (3.23) is particularly of importance in describing string interactions 
in light-cone string field theory formalism [13]. Note that the supersymmetry algebra in (3.23) 
distinguishes the two SO (4) directions with opposite sign. 4 This sign flip may be read off from 
Eq. (2.13) in [2] or Eq. (2.59) in [3] since IT^ = — II'. • in the space with SO(8) negative chirality 
as explained in Appendix A. The dynamical supersymmetry algebra in Eq. (3.23) is consistent 
with the Z 2 symmetry which interchanges simultaneously the two 5*0(4) directions [18] 

Z 2 : (x\ x 2 , x 3 , x 4 ) <-» (x 5 , x 6 , x 7 , x 8 ). (3.24) 

This should be the case since the worldsheet string action (2.1) and the hamiltonian H are 
Z 2 invariant. Indeed the plane wave supergravity spectrums in [3] explicitly respect this Z 2 
symmetry (see also footnote 2 in [18]). The presence of the relative sign in Eq. (3.23) is different 
from [13, 20] although these parts are not corrected by the interaction, so do not affect their 
results. 

3.2 Open string 

In the presence of D-brane of type (m, n) in the plane wave background (1.1), the symmetries of 
open string on the D-branes are further broken by the boundary conditions of the open string. 
First of all, the translation and the boost to the transverse directions of D-brane, generated by 
P r and J +r , are no longer the symmetries of open string modes. Furthermore the rotational 
symmetry SO(4) x SO(4)' is more broken to SO(m) x SO(4-m) x SO(n) x SO(4-n). Thus 
we will get J rs ' = as expected. 5 

The supersymmetry breaking is more complicated depending on a specific boundary con- 
dition, that is, D± boundary conditions. It was shown in [28, 29] that .D_-branes preserve 8 
kinematical and 8 dynamical supersymmetries and D + -branes preserve 8 kinematical super- 
symmetries regardless of location. However, it was conjectured in [30] that, among D + -branes, 
Dl-branes and D5-branes of type (4,0) or (0,4) only preserve 8 dynamical supersymmetries. 
Here we will give a worldsheet derivation for this conjecture. 

Since the open string action is just defined by the closed string action imposed the open 
string boundary conditions (2.15) and (2.17), the super-Nother charges of an open string will 
be given by a subset of the symmetries of the closed string action which are compatible with 
the open string boundary conditions. Due to the boundary condition (2.17), it turns out that 

4 In order to derive Eq. (3.23), one may use the formula, (A. 14), (A. 17), and (A. 19). The relative sign is 
indeed due to Eqs. (A. 17) and (A. 19). 

5 However, the translation and the boost generated by P r and J +r are still the symmetries of the action (2.1) 
and the isometry of the target spacetime. Thus the symmetry transformation by the broken generators, P r and 
J +r ' as well as J rs ' , results in new D-branes, symmetry related D-branes, which arc in general timc-dcpcndcnt 
branes. See [28, 29] for a detailed discussion on the symmetry related D-brancs. 



10 



the conserved dynamical supercharge is given by the combination 

q~ = Q- 2 - n T Q-\ (3.25) 

or equivalently, 

q~ = Q' 1 - VlQ- 2 . (3.26) 

Using the equations of motion, Eqs. (2.4) and (2.5), it is not difficult to show that the dynamical 
supercharge density q~ in Eq. (3.25) satisfies the following conservation law 

where 



q- = ([d T x r Y^i T + fiX r YH) (s 1 - as 2 ) - (d T x r 'y'n T - /^y'n) (s 1 + ns 2 ) 
-d a x r yn T (s l + ns 2 ) + d a x r ' y' n T {s l - as 2 )) (3.28) 

for _D_-branes and 



% = 



^-(-(d a x r Y^i T - pixrymis 1 + ns 2 ) + (d a x r 'y'n T + / ux r ' 7 r 'n)( 1 s 1 - ns 2 ) 
+d T x r 1 r ti r {s 1 - as 2 ) - o T x r y 'a 7 \s x + as 2 )) (3.29) 

for D + -branes. The open string boundary conditions, (2.15) and (2.17), imply that, in the case 
of £>_-branes, 

q~U = ^KX r 'Y'US l )U, (3.30) 

while, for D + -branes, 

<£\az = ^(d^Y^S 1 -^Y^ 1 )!^. (3.31) 

Thus, in order for the dynamical supercharge q~ = / daq~ in Eq. (3.25) or Eq. (3.26) to 
be conserved, the Dirichlet coordinates of _D_-branes should satisfy 

X r '\ d x = 0, Vr' (3.32) 

and the Neumann coordinates of D + -branes should satisfy 

{d a X r Q T S 1 - fiX^S 1 ) |a S = 0, V r. (3.33) 

One can see from Eq. (3.32) that Z)_-branes located at a constant transverse position Xq 
superficially appear to break all dynamical supersymmetries, and the violating terms vanish 
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when the transverse position is set to zero, Xq = 0. However it can be shown [28] that the 
broken dynamical supersymmetries can be restored by incorporating a worldsheet symmetry 
realized in the action (2.1). We will explain along the line given in [28] how to use the worldsheet 
symmetry to restore the dynamical supersymmetry. 

The superstring action (2.1) in light-cone gauge is quadratic in the fields. This peculiar 
property implies that it is invariant up to boundary terms under a shift of the field by a 
parameter that satisfies the free field equation. For definiteness, let us consider an arbitrary 
shift of the fields 

6X r (a, t) = rfia, r), SS A (a, r) = e A (a, r). (3.34) 
Under the transformation, the action (2.1) changes as follows 



5S = 



I r r2na'\p+\ 



dr / daix^d+d^ 1 + /iV) + 2iS(p A d A - fiU)e) 

Jo ' 

1— [ drix'd^ + iS 1 (e 1 -fie 2 )). (3.35) 
a'v + JdY, V ' / 



2na'p + JdT, 

For open strings, we can get a new symmetry corresponding to the shift of the fields, Eq. (3.34), 
if the parameters rj 1 and e A satisfy the free field equations 

d+d-r) 1 + /iV = 0, (3.36) 
(p A d A - fiU)e = 0, (3.37) 

as well as the following boundary conditions 6 

<Wlas = 0, (3.38) 
d r 77 r '|as = 0, (3.39) 
e'las = fie 2 |as- (3.40) 

Note that both the equations of motion and the above boundary conditions are identical to 
those satisfied by the original fields. For closed strings, the transformation (3.34) is just a 
trivial field redefinition. 

This mechanism can be used to restore the broken dynamical supersymmetry of -D_-branes 
located away from the origin. In this case one can combine a closed string transformation with 
a transformation of the form (3.34) to obtain a good symmetry of the open string. In this way 
one can find modified transformation rules by the use of worldsheet symmetries that lead to 
a conserved charge [28, 29]. Taking into account the extra worldsheet symmetry, the on-shell 
conserved current is actually the same as the current for the brane at origin, but with X r {a, r) 

6 For D5-brane case with the boundary term (2.37), the boundary variation for Nuemann coordinates is 
shifted as d a rf — > d a r] r — [irf and the boundary condition is instead d a r] r \dT, = HV r \dT,- 
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replaced by (X r '(cr, r) — x'q (a)) where Xq(cf) is given by Eq. (2.27). Thus the corresponding 
charge expressed in terms of oscillators is exactly the same as that for the brane at the origin. 
This immediately implies that the supersymmetry algebras are also the same. 

On the other hand, one can not use the worldsheet symmetry to restore some apparently 
broken dynamical supersymmetry of _D + -branes since the symmetry breaking terms are now 
involved with Neumann coordinates as seen in Eq. (3.33)7 Only special classes of -D + -branes 
allow the condition (3.33). These are Dl-branes in which, by definition, X r = for all r and D5- 
branes of type (4,0) or (0,4) with the Born-Infeld flux (2.38) where fFS 1 = IIS 1 . Remaining 
£> + -branes can not satisfy the condition (3.33) and thus the dynamical supersymmetry is not 
conserved. 

Let us decompose a generic field ^(cr, r) into a zero mode part ^o(cr, r) and a non-zero mode 
part ^(er, r). As one can see from the explicit mode expansions in Sec. 2, the zero mode part 
^fo(a,r) separately satisfies the field equations, Eqs. (2.4)-(2.5), and the boundary conditions, 
Eqs. (2.15)-(2.17). Similar consideration applied to Eq. (3.35) thus leads to 

S^(a,r)]=S^(a,r)]. (3.41) 

Since we are interested only in the on-shell values of super-Nother charges, Eq. (3.41) implies 
that a Nother charge J G can also be decomposed into a zero mode part J G and a non-zero mode 
part J G , that is J G = J G + J G . In particular the super Nother charges J G can be obtained 
by applying the same Nother method to S[ty(a, r)], which just gives the same expressions with 
replacement, ^(<t, t) — > \l/(er, r). After we isolate zero mode parts in this way which possibly 
contain non-periodic functions, we can apply a periodic doubling of open strings [37] for the 
remaining non-zero mode parts since they contain only periodic functions. The doubling trick 
will be useful in the actual calculation. 



3.2.1 D -brane 

In order to derive the super-Nother charges in terms of open string modes, we will use a proper 
doubling of the interval [0, 7r|a|] to [0, 27r|a|], as done in [23], such that all the classical solutions 
satisfy the open string boundary conditions for the interval [0, 7r|a|] and periodic boundary 
conditions for [0, 27r|a|]. The hamiltonian H for a D-brane located away from the origin does 
depend on the Dirichlet zero modes Xq'(ct), so we first isolate the part, denoted as AH, for the 
reason explained above and directly calculate it: 



2p+AH = J- r ]al d<j(x' 2 r ,+^xi,) : 
lira Jo 



II p^nH _ i 

-xl, (3.42) 



7tck e^l"! + 1' 



7 An essential difference between a Dirichlet coordinate X r (a, r) and a Neumann coordinate X r (a, t) is that 
X r |as at boundary depends only on zero modes Xq , but X t \qy, does on all modes, as proved by Eq. (2.26). 
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For remaining parts, we will use the doubling trick. 

It is then straightforward to get the expressions of the super-Nother charges in terms of the 



mode expansions in Eqs. (2.26) and (2.28). The result is [23] 

P+=p+ 7 pr =I r 0l J+* = -x* 6 p + , (3.43) 

Q+ = + tn T )S , Q + = v /2^+(l - tn T )S , (3.44) 

J rs = xjpg - x s f - tS ol rs S - i E{^-(«-n< - «l n <) + S. nl rs S n }, (3.45) 

n=£0 n 

J r ' s ' = -iS y' s 'S - iJ2{^-(a r : n a s ; - a sl _ n a T ' n ) + S„ nl r ' s 'S n }, (3.46) 



2p + H = 2p + AH + hp 2 0r + fi 2 x 2 0r ) - 2fitS nUS + £{^oi n c£ + 2u; n S_„S n }, (3.47) 

V^Q" 1 = Po7 r ^o + /ixS7^n5 - Y.i^-n^Sn ~ -^—al^nSn), (3.48) 

\f^Q~ 2 = p r oYV T S + Lix r YKS + ^{cnal^Sn - -^a[ n QVn5 B }, (3.49) 

where J rs £ SO(m) or SO(n) and J rV e 50(4 - m) or 50(4 - n). Note that Q + and Q+ as 
well as Q^ 1 and Q, ~ 2 are not independent of but are related to each other since 

Q + + Q + + iQ(Q + - Q + ) = 0, Q~ 1 + nQ- 2 = 0. (3.50) 

Thus we take the following independent supercharges, which are preserved supersymmetries for 
L>_-branes as shown before, 

q + = 1 -{Q + + Q + - iQ(Q + - Q + )) = 2^S , (3.51) 



q~ = Q- 2 - tt T Q- 1 = 2Q~ 2 . (3.52) 

Similarly we present only the non-vanishing (anti-)commutation relations involved with the 
odd generators, q ± : 

[J rs , <?1 = \l rs q ± , [J r ' s \ <?] = ^Y' s 'q ± , (3.53) 

[J +r ,q-}= l -n T Yq + , (3.54) 

[P r , q~] = -^7 r ng + , [H, q + ] = ^^Uq + , (3.55) 

{<?+,%+} = <U2P + , (3.56) 

{(?+, & } = (nf)aaP r ~ ^(UfUJ +r , (3.57) 
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far. %} = - AH ) + A ((TJ'nn)^ jf- + (7r s 'nfi) a6 JJ v 



2 F 



/i 



2p+ ((TlinQ) . S JJ| + (Yn s 'm ab Jn') , (3-58) 

where Jf G SO(m), JJ V eSO(4-m), JJ| G SO(n), and Jf/ G SO(4 — n). Note that the 
open string supersymmetry algebra in (3.58) also distinguishes the two SO (4) directions with 
relative sign. The supersymmetry algebra (3.58) shows that the BPS bound is saturated by 
the states with energy AH. This implies that the brane located away from the origin does not 
tend to move towards the origin [29]. 

3.2.2 £> + -brane 

As identified by Skenderis and Taylor [28, 29], the open strings on _D + -brane preserve a different 
kind of kinematical supersymmetries not descending from the closed string. 8 The conserved 
Nother current is 



2^ 



^-1,1,1)00^1^) (3>59) 
\ sinh7r/i|o;| 



It is simple to check that 



^ sinh7r/x 



(S l -nS 2 ). (3.60) 



dr da 

using the equations of motion (2.5) and that 



9, "+M = , (3.61) 



<rfV = 0. (3.62) 



This together with the current conservation implies that the charge 



1 rn\a\ 

q + = — daq+ (3.63) 



Tr\a\ Jo 

is conserved and in particular all non-zero modes cancel against each other. In Appendix C, we 
will directly derive the kinematical supercurrent (3.59) from the open string mode expansion. 

Using the expression for the supercharges of closed string, Eqs. (3.8)-(3.9), we showed 
that half of the dynamical supersymmetries are preserved by Dl-branes and D5-branes of type 
(4,0) or (0,4) only. For the supersymmetric _D+-branes, the matrices in Eq. (A. 16) are the 
following: 



Dl-brane of type (0,0) 


^ab = 


- S a b, 


^ab = 


S ab, 


(3.64) 


D5-brane of type (4,0) 


Qab = 






n ab = n a6 = -n' ab , 


(3.65) 


D5-brane of type (0,4) 


Qab = 


-Kb- 


= n ab , 


^ab ^"db "^db' 


(3.66) 



3 We thank K. Skenderis and M. Taylor for related discussions. 
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Since the nature of the mode expansion depends sensitively on the particular branes on 
which the open string terminates, we will discuss the supersymmetry algebra case by case. First 
we will discuss Dl-brane. Since the mode expansion of bosonic fields in this case is exactly 
the same as that of -D_-branes except for X r (a, r) = 0, it is sufficient to newly calculate the 
fermionic parts only. Using the methodology mentioned in Eq. (3.41), it is straightforward to 
calculate the hamiltonian for Dl-brane and the result is 



2p + H = 2p + AH + Y.{\ a -n< + 2u n S- n S n }, 



(3.67) 



n^O 



Note that the open string mass term, SoffflSo, is absent, so the ground states form a degenerate 
supermultiplet while the ground state of the open string for LL-brane is an unmatched boson 
due to the mass term. Similarly, one can obtain the mode expansion for the rotation generators: 



J r ' s ' = -rSol r ' s 'S - J-(«:'X' - o/ nQ /) + S- n Y' s 'S n \, 



(3.68) 



where So is defined by Eq. (C.3) and their anti-commutation relation is given by Eq. (C.4). 

The conserved dynamical supersymmetry is given by (3.25) and, in the case of Dl-brane, it 
is of the form 

V^g" = ^(Q-'-Q- 1 ) 

= _L r W da(x n \S 2 - S l ) + XtfiS 1 + S 2 ) + f^Xa'UiS 1 + S 2 )).(3.69) 
ir\a\ Jo ' 

This expression coincides with [28, 29, 30]. The explicit mode expansion of the supercharge 
(3.69) is then found to be 



2fJL 



2 tanh 


f/i 


a 


TTfj,\a 





r r c 

x 7 S 



J2 (c n a r l n Y'{S n + S n ) - ifi a r \~i r 'U(S n - S n )). 



n+0 



2c n u r . 



(3.70) 



Note that the dynamical supersymmetries in this case are preserved regardless of transverse 
location [28]. 

The supersymmetry algebra for Dl-brane is closed where P r = J +r = identically: 



[r' s V] = ^' s y, 



[H,q- 



0. 



KW} = <U2P + , 



\ 



2/xtanh |/x 




7T 


a 





(3.71) 
(3.72) 
(3.73) 

(3.74) 
(3.75) 
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Now we will consider the D5-brane of type (0,4) for deflniteness which presumably represents 
the Penrose limit of a baryon vertex (the (4,0) brane can be treated similarly). In this case the 
boundary term (2.37) contributes to the hamiltonian which is now given by 



2p + H 



1 r*\ a \ 



7r \a\ Jo 



da 



1 • o 1 



^-X 2 + Ud a X r - fiX r ) 2 + \{X 2 + X'/ + fi 2 X 2 ) + tS A S A . (3.76) 



-I 2 . ,,2 v 2 - 



Since the mode expansion in this case is essentially the same as the case of Dl-brane except for 
the Neumann coordinates, X r (cr, r) in Eq. (2.40), it is sufficient to newly calculate the parts 
involved with the Neumann coordinates. The result for the hamiltonian is 



2p + H = 2p+AH + l -pl + Y.{\ a ~rd l + ^nS- n S n ). (3.77) 
Similarly, for the rotation generators, we get 

J TS = *5p5 - X 0P0 - ^7^0 - i E{^-(«-»< - a -nO + S-nY'Sn}, (3.78) 
jr's' = -iS Y' s 'S - I E{^-(«-n<' - «-n<0 + ^-nT^n}- (3-79) 

For open strings on D5-brane with the Born-Infeld flux (2.38), the preserved dynamical 
supersymmetry is q~ = (Q~ 2 — Vl T Q~ l ). For the (0,4) brane, for example, the dynamical 
supercharge is given by 



2p + q~ 



2p+(Q~ 2 + ng- 1 ) 

2p r ol r TlSo + 2n 



2 tanh 






TTfj,\a 





+2j2{c n al nl I S n + 

n^O 



2c n u; n 



(3.80) 



The supersymmetry algebra is closed as in Dl-brane: 



[J r ',q k ] = 






[J +r ,q-\ = 


-^7 r ng + , 






[^,51=0, 




{it^b} = 






fee) = 


(n 7 r )aaP r 


+ ^2p 









,r's'± 



\ 



2// tanh f//|o;| r / 



7r a 



( n 7 r )ad, 



(3.81) 

(3.82) 

(3.83) 
(3.84) 

(3.85) 
(3.86) 
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Note that the supersymmetry algebra for q~ of D + -branes does not contain the angular mo- 
mentum parts and all the supersymmetries commute with the light-cone hamiltonian unlike 
/}_-branes. Consequently the vacuum for _D + -branes is degenerate, containing eight bosons 
and eight fermions as in flat space, and forms a supermultiplet. The vacuum for _D_-branes is, 
however, a singlet under the q~ supersymmetry and q + is a spectrum generating operator. 

4 Discussion 

In this paper we carefully analyzed the supersymmetry algebra of plane wave superstrings. We 
found that the supersymmetry algebra of closed string respects the 5*0(4) x SO (A)' x Z 2 sym- 
metry where the Z 2 exchanges the first SO (A) with the second SO (A)'. We gave a worldsheet 
derivation for conserved supersymmetries, from which we showed that half of the dynamical 
supersymmetries are preserved by Dl-branes and D5-branes of type (4, 0) or (0, 4) only among 
D + -branes. In addition we exhaustively analyzed the supersymmetry algebra of open strings 
on half BPS D-branes, both £>_-branes and _D + -branes. We showed that the algebra is closed 
including a new kind of kinematical supersymmetry restored by incorporating worldsheet sym- 
metry suggested by Skenderis and Taylor [28, 29] and all the supersymmetries for _D + -branes 
commute with the light-cone hamiltonian unlike D_-branes. Throughout this paper we used 
the 8-component spinors, SO(8) Majorana-Weyl spinors, so we hope the supersymmetry al- 
gebras presented here will be useful for some string field theory calculation in the plane wave 
background. 

In this paper we considered only open strings whose end points are attached on the same 
D-branes. One may consider open strings connecting Dp-Dp' branes, p-p' strings, in the plane 
wave background. The p-p' string was analyzed in [25, 30] by the boundary state description 
and the computation of cylinder diagrams, mainly for instantonic branes. It will be interesting 
to explicitly study the supersymmetry algebra of p-p' strings as done in this paper, since these 
open strings, especially being BPS states, are dual to a defect conformal field theory in a plane 
wave background [38, 39, 24]. We will report this result elsewhere [40]. 
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Appendix 



A Notations, Definitions and Useful Formula 

The conventions for the indices are: 

/, J, K, ■ ■ ■ — 1, • • • , 8: 5*0(8) vector indices, 

a, b, c, ■ ■ ■ = 1, • • • , 8: SO (8) spinor indices with positive chirality, 

a, b, c, • ■ ■ — 1, • • • , 8: 50(8) spinor indices with negative chirality, 

i, j, k, ■ ■ ■ = 1, • • • , 4: 50(4) vector indices, 

k', ■ • • — 5, • • • , 8: 50(4)' vector indices. 
A,B = 1,2: worldsheet (spinor, vector, etc.) indices. 

In this paper we consider a Dp-brane of type (m,n), m + n — p — 1, with m Neumann 
directions in 50(4) and n Neumann directions in 50(4)'. Thus we distinguish the Neumann 
directions and the Dirichlet directions with indices: 
r, s,t, ■ ■ ■ — 1, • • • , to, 5, • • • , 4 + n: vector indices in Neumann directions, 
r', s', t', ■ ■ ■ — to + 1, • • • , 4, 5 + n, ■ ■ ■ , 8: vector indices in Dirichlet directions. 

The spacetime metric is r]^ = (—1, +1, • • • , +1) where /i, v are 50(9, 1) vector indices. We 
decompose into the light-cone and transverse coordinates: = (X + , X~ , X 1 ) where 

X ± = -L(X°±X 9 ). (A.l) 

The worldsheet metric is r\ AB = (—1, +1) where A, B = r, a. 

We adopt the chiral representation for 50(9, 1) Dirac matrices used in [2, 3] 

r"=(i TH (a.2) 



.7" 

where the 16 x 16 matrices, 7 M = {^) al3 = (l,7 / ,7 9 ), 7^ = (7 M ) a /3 = (— 1,7 7 ,7 9 ), a,(3 = 
1, • • • , 16, satisfy 

+ = 2^ = YY + i v Y- (A.3) 

The 50(9, 1) chirality matrix r n = T° • • • T 9 is given by 

(A.4) 



r\i = 


/lie 

I 


) 
-lie/ 




•7V 


= li6) 


TV . . 


•7 8 7 9 


= -lie 



We further assume the following block decomposition for 7' 

Ma 



^=(3 ^ ) (A-5) 
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where 8x8 matrices, 7^, 7^ = (7' ) Ao , satisfy 



7^ + 7^6 = 25"<W 

7^ + lLl[ h = 2S IJ 5 ab . (A.6) 
Since we use 5*0(8) chiral spinors, we take the SO (8) chirality matrix 7 = 7 1 7 2 • • -7 7 7 8 = 7°7 9 

-Co -J' <-» 

We use the following definitions 

n afe = 7W7 4 , Tl. b = 7V7V, (A.8) 
Kb = 7 5 7 6 7 7 7 8 , = 7 5 7 6 7 7 7 8 - (A.9) 

Due to the normalization (A. 7), U a b = n^ fe , IT^ = — II'.;. Note that the matrix II is symmetric 
and traceless and II 2 = 1. We define the antisymmetrized products of gamma matrices, e.g., 

lab = o (.laalab laalab) i 



7dfe 2^ ha ^ab 7da7 a f,)) (A. 10) 



-i^ = ^7M± 5 terms), 



llt K = liilial^S, ± 5 terms). (A.ll) 

7 /J is an antisymmetric matrix, i.e., 7^ = —7^ while r )l a JKL = llb KL - Similarly they are true 
with dotted indices. 

The 16-component spinor 9 is decomposed in terms of the 8-component spinors as 

^ = I ga I ' (A- 12) 

where »S a = — |7 + 7~# is a positive chirality spinor and Q a = — |7~7 + # is a negative chirality 
spinor. Here ^ is defined by 

7 ± = -L(7°±7 9 )- (A. 13) 

In computing the supersymmetry algebra we need to use the Fierz identity. For spinors Si and 
S2 with positive chirality, 

SfS* = y^S, + ^SW'SrfJ + ^S^'S^J^. (A.14) 
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- _/ /if Jif , JK IK\ 
o Vlab lab ' 'ab l a b > 



i IKLM JKLM , JKLM IKLM\ 
' VI ab Idb lab l a b > 



+ i-Mi KL i^+iS, L i , d KL )- (A.i5) 



Also the similar expression is true for negative chirality spinors. Another useful identity [32] is 

iLii = l^ IJ ^ b s ab + s a ait + s ah ^) 

+ J-^f^V^ + }_ KLMN KLMN} 
^ ^q U Vlab Idb T 24 ab db ' 

1 

8 l 
1 

48' 
1 

16' 

In order to discuss the boundary condition of open strings living on a Dp-brane, it is needed 
to introduce the matrix Q defined by 

^=(ll7 ; ) , ^(IIV) , (A.16) 

where j\f denotes the set of Neumann directions. Note that Q T Q = 1. Thus, for the _D_-branes, 
HQ is an antisymmetric matrix, i.e., (UQ) T = —HQ, while, for D + -branes, (HQ) T = HQ. The 
following commutation relations are useful in the calculation 

{ 7 \n} = o, [/,n] = o, (A.i7) 

{Y,Q}=0, [i r ',Q}=0. (A.18) 

We often use the subscripts / G 5*0(4) and II e SO (A)' to distinguish the two different SO (A) 
directions of Neumann and Dirichlet coordinates, e.g., r f l , Yn-, 7j\ etc Using (A. 17) and 
(A.18), the following formula can be derived 

ful K l IJ ^l K = //j7 X n 7 /J 7 X = Mf,f IJ - frr' y )U. (A.19) 

7 ' 7 -n 7 ' = (4 - m + n) 7 ; s n, / 7 ; v n/ = (4 + m - ™) 7 ; v n, etc. (A.20) 

where fjj is a fermion bilinear. 

Finally we list useful integral formula which are used in the calculation of _D + -branes: 

2 

-)" / 9 a sinhTT/xH, (A.21) 



pir\a\ 


cosh \X<7 COS 


na 


da = 


Jo 


\a\ 




rn\a\ 


sinh jia sin 


na 


da = 




\a\ 




/•ir\a\ 


cosh \xa sin 


na 


da = 


Jo 


\a\ 




rir\a\ 


sinh jia cos 


na 


da = 


Jo 


\a\ 





jj, 2 a 2 + n 2 

fi 2 a 2 + n 
n\a 



■ sinh 717/ 1 a |, (A. 22) 



fj, 2 a 2 + n 
fia 2 



((-) n cosh7r/i|a| - l), (A.23) 



fi 2 a 2 + n 2 



((-) n cosh7r//|a| - l). (A.24) 
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B ( Ant i-) Commutation Relations for Z} + -branes 

To determine the anti-commutation relation of the zero modes, Eq. (2.33), let us calculate the 
anti-commutator for the spinor field S A (a, r), Eq. (2.25), using the mode expansion (2.31) and 
the anti-commutation relations, Eqs. (2.34)-(2.36), for the nonzero modes: 

{S la (a, r), S lb (a>, t)} = cosh //(a + S b } + sinh//^ + a')(QU) ac {S c , S b } 

* neZ * neZ 

-Wj;^*^, (B.i) 

4 neZ U n 

where we assumed the form of {Sfi, Sq} as A5 ab + B(QlV) ab . Now we will use the following 
integral representation to evaluate the infinite sums in (B.I): 



hi, u 2 Jcl- e 2 * iz z 2 + fi 2 a 2 



neZ 



e -fi(cr+a') e ti(a+cr') 

= ^Hl i.e-^H ~ i- e ^|a| )» ( B - 2 ) 



l^n/\a\ if-(a+a') _ f dz fj,\g\z 



gw/|a| iftjeW) = _ f _J 
r f^ z u 2 n Jcl- e 2mz z 2 + fi 2 a 2 



e i(a+<r')z/\a\ 



= ^ / i|a|( i _ e _ 2 ^ |a| + i _ e27rMH ), (B.3) 

where the contour C consists of two lines passing infinitesimally above and below the real axis. 
One can see that the contribution from the zero modes is exactly cancelled by the second and 
the third sums in (B.I) provided that the anti-commutator of the zero modes is given as in 
(2.33). Thus we have the anti-commutation relation Eq. (2.25). Similarly, one can check that 
{S la (a,r),S 2b (a',r)} = 0. 

Using the commutation relations in Eq. (2.29) and the identities (B.2) and (B.3) together 
with 



^ ool Jcl- e* mz z' + /j, z a 2 



e -/l(cr+cr / ) e ^(a+a') 

= -^l a l( i_ e -2^H ~ i-ew )' (R4) 
one can also check that X r (a,r) in Eq. (2.40) satisfies the quantization rule (2.24). 
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C Kinematical Super symmetry for Z^-branes 



Here we directly derive the kinematical supercurrent (3.59) for _D + -branes from the open string 
mode expansion. In section 2, we showed that the fermionic mode expansions (2.31) satisfy the 
boundary condition (2.17) as well as the equations of motion (2.5) and the anti-commutation 
relations between the modes are given by Eqs. (2.33) and (2.34). Thus the Nother charge 
for the kinematical supersymmetry should be represented by some combination of S* 1 and S 2 
fermions in Eq. (2.31). We now examine whether there can be any combination from S* 1 and S 2 
fermions which reduces to a kinematical supersymmetry generator q + satisfying the standard 
super algebra 

R + ,% + } = <U2P + . (C.l) 

To proceed our argument, first note that the anti-commutation relation in Eq. (2.33) can 
be rewritten as 



{SS, s b } 



irfj,\a\ 



4 sinh 7ifx\a\ 



-wfi\a\nU\ 



/ ab 



and thus a zero mode fermion defined by 



smhnfi\a\ c i vMfms 
nfi\a\ 



satisfies the standard anti-commutation relation 



1 



(C.2) 



(C.3) 



(C.4) 



Thus if the supersymmetry generator q + would be given by 

q + = 2^S , (C.5) 

q + in (C.5) then satisfies the superalgebra (C.l). Interestingly it turns out that such a super- 
symmetry generator can be constructed from the fermions in Eq. (2.31). 

Notice that the zero mode parts, Sq(ct) and Sq(<j) of S 1 (a, r) and S 2 (ct,t), respectively, are 
given by 



\ 



71 V a p ^-§T|a|)nn d 
smn irfi\a\ 



(C.6) 



\ sinh7T/x|o;| 

Since the zero modes Sq(ct) and Sq(<j) satisfy Sq(ct) = QSq(ct), as obviously seen in (C.6), we 
can deduce the form of the charge density g+ for the kinematical supersymmetry whose zero 
mode part would be given by (C.5): 

q+ = Ae W<r-fr\a\){m( S i + QS 2^^ r)) ( C 7 ) 
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where k G Z. Note that only k = case is descending from the closed string. Due to the 
structure of the integrals, Eqs. (A.21)-(A.24), the most plausible choices are k = —1,0,1, or 
explicitly, 



2^ 



sinh 7i fi 


a 


TTfj,\a 





7ifi\a\p + 
^ tanh |7r/i|a| 



(S' + QS 2 ), 



2^ 



7Tfi\a 



^ sinli7r fi\a 



(C.8) 

(C.9) 
(CIO) 



The first two candidates, however, obtain contributions from the non-zero modes and so none 
of them is conserved. For example, the first choice (C.8) gives us 



2J2p+S + 



sinh 7r/x|a| 



E 



c n fin 



it ^ nfi\a\ 



uJ n V 2 a 2 + n 2 

Here we used the integral formula (A.21)-(A.24). But the third choice (C.10) precisely gives 
the conserved kinematical supercharge 



first identified by Skenderis and Taylor [28, 29]. 



(C.12) 
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